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Abstract 
The infrared-visible Sum-Frequency Generation (SFG) spectroscopy response of a composite 
interface comprising molecules, spherical nanoparticles and a substrate is modelled in the dipolar 
approximation. The spheres modify the local electric fields felt by the molecules grafted on either 
the surfaces of the particles or the substrate below the spheres. In the case of plasmonic spheres, 
the excitation of their surface plasmons lead to amplifications of the molecular SFG signals at the 
incoming visible and SFG frequencies for both types of molecules. The spectral evolutions of these 
amplifications are described as a function of the natures of the metal, the molecules and the 
substrate; the chemical groups involved; the surface density of nanoparticles on the substrate and 
their surface coverage. The latter parameter is shown to be the main source of SFG from molecules 
adsorbed on these highly centrosymmetric objects. Models are compared to experimental data and 
excellent agreement is found for the amplification of the SFG vibrational signature of a grafting 
monolayer sandwiched between a silicon substrate and gold nanospheres. 
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I. Introduction 
Sum-Frequency Generation (SFG) spectroscopy is a sensitive, surface or interface-specific 
experimental technique, widely used as a vibrational spectroscopic tool to analyze molecular 
chemistry, orientation, adsorption and dynamics at various types of interfaces 1 and under 
constraints 2,3. Its specificity towards interfaces originates in its sensitivity to the symmetries of the 
probed material: SFG signals are only produced when molecules experience an environment 
breaking the inversion symmetry. A sensitivity below the monolayer density is therefore attained 
for highly ordered molecular assemblies at surfaces. On the contrary, when molecules adsorb at an 
interface in a rather disordered way, SFG sensitivity decreases as a function of molecular disorder. 
One way to overcome this issue is to compensate for the lack of sensitivity by an experimental 
amplification of the produced SFG. Several possibilities exist, usually related to a local 
amplification of the electric fields of light through a coupling to surface plasmon polaritons 4, 
resonant microcavities 5 or evanescent waves in attenuated total reflection geometry 6,7. Recently, 
a new route towards amplification has been explored by coupling SFG production to the excitation 
of localized surface plasmons of nanostructures 8–16, as happens for SERS for example. Although 
the use of nanospheres as amplifiers may appear paradoxical as it reintroduces the inversion 
symmetry for the molecules decorating the spheres, such a scenario remains promising for several 
reasons: amplification factors are expected to overcome the SFG intensity decrease due to 
symmetry recovery; spheres are by far not the only possible shapes for plasmonic enhancement; 
enhancements factors increase in hot spots (i.e. specific locations where the electric fields become 
giant, for example at the junction between two neighboring nanostructures) where symmetry is 
broken; inversion symmetry becomes less stringent when the sizes of the particles grow. Finally, 
we may also mention the possibility to monitor molecules located at the interspace between the 
nanostructures and the substrate, for which the monolayer symmetries are retained and SFG signals 
should be enhanced by the sole presence of the particles, as happens in SHINERS experiments 17. 
In addition, nanostructured materials made up of particles decorated with molecules and deposited 
on a substrate are also interesting for themselves, as model sensors or catalysts 18,19 for example. 
Developing an experimental tool for the in situ investigation of chemistry happening at their very 
surfaces helps understanding, complementary to other techniques, their properties and their design. 
Extracting chemical information from SFG spectra of an ordered monolayer is a rewarding task, 
but may already become tricky even in simple cases 20,21. The presence of nanostructures adds a 
level of complexity, and modifies the selection rules and analysis procedures developed for 
monolayers. Understanding how they selectively amplify the various components of the nonlinear 
signals is therefore a prerequisite for a routine use of such methods. 
In order to understand the mechanism of amplification, we develop in a first step the model of SFG 
production around small isolated supported particles under the dipolar approximation. Such 
materials do not provide the most intense plasmonic enhancement factors, so much that their 
amplification is not measurable by SERS as being far too small. However, they provide a good 
basis for our understanding of the phenomena happening in the close surroundings of the particles, 
and of the specific effects of local field enhancements of SFG experimental intensities. 
II. Theoretical description of SFG from molecules on a sphere 
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A. General considerations 
In the dipole approximation for nanospheres interacting with a light plane wave, the diameter of 
the spheres (D=2R) is considered very small as compared to the wavelength of light. Within this 
approximation, the electric field experienced by the particle is homogeneous over its volume and 
there are no retardation effects due to the particle size. For bigger particles, retardation may be 
accounted for partially 22 or fully through Mie theory applied to nonlinear scattering 23. 
 
Figure 1 : Definitions of the three frames involved: (a) laboratory (x,y,z) and spherical (uθ,uφ,ur); (b) molecular 
(a,b,c); c) Sketch of the samples in the limit angle (α
L) configuration. Molecules in the grey zone are considered in 
Part II whereas Part III deals with molecules in the blue zone. 
We are interested here in isolated and non-interacting nanospheres deposited on a substrate (Figure 
1). If we consider molecules decorating the sphere, or molecules in the vicinity of the sphere (for 
example a monolayer at the surface of the substrate), they will experience a local electric field of 
light different from the applied far field, and depending on their positions in space. 
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Scheme 1: Definitions and relationships between electric fields, first hyperpolarizabilities and second-order nonlinear 
susceptibilities involved in the calculation of the SFG response of molecules at the surface of a sphere. 
For molecules at the surface of a sphere, the relationships between the molecular local field Elocal 
and the applied far field Efar are summarized in Scheme 1. The far field is modified by the 
reflectivity of the substrate to give rise to the interface field E0. Both are conveniently described 
by their Cartesian coordinates in the laboratory frame (x,y,z) related to p and s polarizations of 
light. E0 is then expressed in the spherical coordinates (uθ,uφ,ur). The local field effects, which 
include here plasmonic amplification, are taken into account in the spherical frame through the Λ  
matrix (defined below), to obtain the local field Elocal eventually experienced by the molecule. This 
field is more conveniently expressed in the molecular frame (a,b,c). The actual calculation of all 
quantities involved in Scheme 1 is performed from the microscopic (Elocal) to the macroscopic (Efar) 
levels. 
In the SFG process, the various fields above relate to several susceptibility and hyperpolarizability 
tensors. Molecular hyperpolarizability βαβγ (where α, β, γ = a, b or c) relates the local second order 
dipole moment to the local electric fields through 
5 
 
local local local
3 1 2p ( ) E ( )E ( )        (1) 
where ω1 and ω2 stand for the incident visible and infrared frequencies, respectively, and ω3 = ω1 
+ ω2 for the sum-frequency. The molecular orientation at the surface of the sphere is described by 
three molecular Euler angles θmol, φmol, ψmol on which the conversion matrix D(θmol, φmol, ψmol) 
between (a,b,c) and (uθ,uφ,ur) depends. The D matrix is formally identical to the usual orientation 
matrix used to convert observables from the molecular frame to the laboratory frame in the case of 
planar interfaces 24,25, and recalled in the Appendix I. 
The molecules at the surface of the sphere are supposed to all follow identical probability 
distributions for their orientations with respect to the surface normal to the sphere. Averaging over 
the molecular Euler angles leads to an average hyperpolarizability βμνξ (where μ,ν,ξ = θ, φ or r)  
mol mol mol, ,
, ,
D D D      
  
    (2) 
distributed over the sphere, which acts on the local fields expressed in spherical coordinates. By 
construction, the only nonvanishing components of βμνξ are those allowed by the C∞v symmetry 
(respectively C∞ if the molecule is chiral). The local fields may experience a local enhancement as 
a consequence of the presence of the sphere and/or the substrate. If we express this enhancement 
in the spherical coordinates, then  
local,( , ,r) ( , ,r) 0,( , ,r)
i i i( ) ( )
       E Λ E  (3) 
Conversely, the relationship between the hyperpolarizabilities expressed in terms of local fields 
(βμνξ) and in terms of interface fields (
0
 ) is 
     0 t t t3 1 2 ' ' ' ' ' 'l               
          
     Λ Λ Λ  (4) 
At this stage, we may sum up all molecular contributions distributed over the surface of the sphere 
in order to define the hyperpolarizability of the entire sphere (βNP), expressed in the laboratory 
frame. The orientation matrix D0 from (uθ,uφ,ur) to (x,y,z) is formally identical to D with angle ψ 
set to zero, and summation for a fixed r runs over values of θ and φ covering the actual distribution 
of molecules. Polarizability components 
0
  are included in the summation as they may depend 
on θ and φ through the iΛ  matrix elements, and we get 
NP 0 0 0 0
ijk mol / NP i j k ,
, ,
n D D D     
  
    (5) 
where nmol/NP counts the number of molecules per sphere. In a macroscopic point of view, we have 
for the local nonlinear susceptibility 
(2) NP NP
ijk S ijkN    where 
NP
SN  is the surface density of spheres. 
Finally, the experimental SFG intensity measured in an ppp experiment is 
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  
      

23
23 (2)
p 3 1 2 eff ,ppp p 1 p 23 2
SFG
8
I ( ) I ( )I ( )
c cos
 (6) 
where the effective nonlinear susceptibility 
(2) (2) (2) (2) (2)
eff ,ppp zzz zzz xxz xxz zxx zxx xzx xzxF F F F          and the 
Fresnel coefficients Fijk relate the incoming and outgoing far fields to the interface fields, taking 
into account the reflectivity of the substrate 26. 
B. Application to the methyl case 
We take as an example the vibrationally resonant SFG response of methyl moieties at the end of 
alkane chains decorating a sphere of radius R at a distance r
CH3
. With a proper definition of the 
molecular axes (i.e. c is the CH3 symmetry axis, and a an axis perpendicular to c in one of the three 
planes of symmetry), the CH3 symmetric stretch has local nonvanishing components 3
CH
ccc  and 
3 3 3CH CH CH
aac bbc a /c cccr    , and for the antisymmetric stretch 
3 3 3 3 3CH CH CH CH CH
aca caa bcb cbb A/S cccr       
27,28. 
Formulas for the determination of βrrr, βθθr = βφφr and βθrθ = βφrφ = βrθθ = βrφφ coincide with those 
established in the classical averaging of alkyl chains adsorbed on a plane interface, and may be 
adapted from the literature 28,29. All φmol, ψmol orientations are equiprobable, and, supposing that 
the molecules form a slightly bent SAM at the surface of the sphere (see below the discussion in 
Part IV), we assume a single tilt angle θCH3 for all molecules as is usually seen on planar surfaces 
30. Generalization to any distribution for the molecular tilt angle is easily implemented 31 but is not 
required at this stage. 
 3
3 3
CHSS 3
rrr ccc a / c CH a / c CHr cos 1 r cos          (7a) 
   3
3 3
CHSS SS 3
r r ccc a / c CH a / c CH
1
1 r cos 1 r cos
2
 
             (7b) 
  3
3 3
CHSS SS SS SS 3
r r r r ccc a / c CH CH
1
1 r cos cos
2
                   (7c) 
 3
3 3
CHAS 3
rrr aca CH CH2 cos cos       (7d) 
 3
3 3
CHAS AS 3
r r aca CH CHcos cos         (7e) 
3
3
CHAS AS AS AS 3
r r r r aca CHcos            (7f) 
The heart of the calculation lies in determining the value of the iΛ  matrix in every specific 
situation. Here below, we briefly develop three cases: molecules on an inert sphere, molecules on 
a polarizable sphere, first without, then with the influence of the substrate. 
C. Molecules on an inert nanosphere 
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We first consider that the sphere has no influence on the optical response of the system, except for 
the geometrical distribution of molecules. A similar approach was introduced in Ref 14. We 
therefore take for its dielectric function ε=1, and neglect the change in the dielectric function 
around the sphere due to the molecules (εm=1). Here iΛ  is therefore the identity matrix and 
0
  
components identify to βμνξ. 
When fully covered with molecules, it is easy to check that all second order susceptibility 
components vanish after summing up over the whole inert sphere (i.e. integrating over isotropic θ 
and φ in equation 5). This confirms a previous analysis on SFG production at the surface of small 
particles, showing that the amount of signal is negligible for particles with sizes smaller than one 
micron, above which it originates in retardation effects 32. This may be understood as we recover a 
fully centrosymmetric situation for a completely covered particle. Of course, some deviations from 
this perfect picture (non-sphericity of the particles, disorder in the molecular layer, terms beyond 
dipolar approximation) or the inclusion of higher order terms in the SFG sources 33 may lead to the 
production of a small amount of SFG photons. Experimentally, if the molecules are adsorbed on 
the sphere only after their grafting onto the substrate, their surface coverage is not complete and a 
cone with aperture 2α remains free of molecules (Figure 1c). The value of α is a free parameter, 
and we may only define a limit value α
L
 for an ideal molecular coverage as illustrated in Figure 1c, 
with Lcos R r  . Centrosymmetry is broken and the hyperpolarizability of the sphere becomes 
   NP NP 2 mol 0 0 0 0 3 0 0 0 0xxz yyz S r r r rrr r r r rrr1 cos R N cos cos                               
   NP NP 2 mol 0 0 0 0 3 0 0 0 0xzx yzy S r r r rrr r r r rrr1 cos R N cos cos                               
   NP NP 2 mol 0 0 0 0 3 0 0 0 0zxx zyy S r r r rrr r r r rrr1 cos R N cos cos                               
   NP 2 mol 0 0 0 0 3 0 0 0zzz S rrr r r r r r r2 1 cos R N cos cos                             (8) 
where mol
SN  is the surface density of molecules, which may be deduced from atomic spacing at the 
surface or determined from electrochemical 34,35, scattering 36 or microscopy 37 measurements on a 
plane surface of the same material as the sphere, and formula A29 is used for numerical 
applications. 
D. Molecules on a polarizable nanosphere 
If we consider a more realistic sphere, with ε≠1, we have to take into account its polarizability, and 
the induced dipole moments created by interaction with the three light waves. As the polarizability 
depends on the surroundings of the sphere, we also take into account the dielectric function created 
by the molecular layer around the sphere (εm). 
In the dipolar view, which has been shown to provide a very good approximation of the electric 
field in the immediate surroundings of small particles 38, the local field inside the molecular layer 
at a distance r ≥ R from the surface of the sphere is now 
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      local 0 0i i i i i r r(1 ) 3 .      E E E u u  (9) 
with 
3
m
i
m
R
2 r
   
   
    
. Retardation effects due to the finite size of the sphere may be taken into 
account by adding size-dependent terms to the λi coefficient 22, and refined modelling includes a 
full core-shell dipolar response 39. The amplification matrix in the (uθ,uφ,ur) frame becomes 
i
( , ,r )
i i
i
1 0 0
0 1 0
0 0 1 2
 
 
 
  
   
Λ  (10) 
and the relationship between 
0
  and   becomes 
           0 t t t3 1 2 3 1 2l l l             
    
        Λ Λ Λ  (11) 
with  i i i rl (1 ) (1 2 )                
In a seminal paper, Creighton 40 developed an analogous formalism for SERS. In other words, β0 
components are obtained by multiplying β components with the same indices by (1-λi) for θ and φ 
indices, and by (1+2 λi) for r indices, with the enhancements factors λi calculated for a radius r ≥ R 
taking into account the average distance between the surface and the molecular (e.g. CH3) moieties. 
Equations 8 still hold in this case, and β0 follows the C∞v/C∞ symmetry rules as above. 
E. Influence of the substrate 
When the sphere is polarized close to the substrate as in Figure 1, the polarizability of the substrate 
(dielectric function εsub) induces the appearance of an image dipole, which in turn modifies the 
plasmonic properties of the sphere. The sphere and its image interfere like in a dissymmetric dimer. 
The description of this dimer usually requires a multipolar development 41–45, and, for plasmonic 
material, leads to an increase in the local field, in particular between the sphere and the substrate 
46. For a first approach, it is possible to limit the development to the dipole approximation because 
we do not consider the far field integrated properties like extinction cross sections but focus on the 
local field very close to the particles 47,48. The influence of the substrate on the sphere polarizability 
depends on their distance 48 and we focus here on the simple case of a sphere nearly touching the 
substrate (i.e. in the approximation of a vanishing distance). The polarizability of the sphere 
becomes anisotropic, and factors λi now depend on the direction of the electric field, namely  
 
3
m
i
m i m
1 R
3 f r
   
   
     
 and 
 
3
m
i
m i m
1 R
3 f r


   
   
     
 (12) 
where ‖ and ꓕ refer to the plane of the substrate (i.e. (x,y) and z, respectively), and 
sub m
i
sub m
1 1
f 1
3 8
  
  
   
 and sub mi
sub m
1 1
f 1
3 4
     
   
 (13) 
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We first consider amplification in the (x,y,z) frame, and equation 9 becomes  
local,(x,y,z) (x,y,z) 0,(x,y,z)
i i i( ) ( )  E Λ E  
with 
(x,y,z) t
i i r r i3  Λ 1 Λ u u Λ  and 
i
i i
i
0 0
0 0
0 0 
 
 
  
  
Λ . (14) 
In the spherical frame, it follows 
   
1
( , ,r) 0 t 0
i i r r i3

    Λ D 1 Λ u u Λ D  (15) 
and, explicitly, 
 
 
2 2
i i i i
( , ,r)
i i
2 2
i i i i
1 cos sin 0 sin cos
0 (1 ) 0
2 sin cos 0 1 2 sin 2 cos
 
 
 
       
 
   
 
         
 
Λ  (16) 
As β0 components now depend on the tilt angle θ, equations 8 must be modified according to 
equation 5. Depending on molecular chirality, the presence of the substrate breaks the local C∞v/C∞ 
symmetry for tensor β0 and reduces it to CS/C1, respectively, with (x,z) as the mirror plane. The 
hyperpolarizability of the sphere therefore involves more components of the β0 tensor and becomes 
   
 
NP 2 mol 0 0 0 2 0 3 0
xxz S rrr r r r r
0 0 0 2 0 3 0
r r rr rr
1 cos R N sin cos cos cos
sin cos sin sin
    
    
               

           

 
   
 
NP 2 mol 0 0 0 2 0 3 0
xzx S rrr r r r r
0 0 0 2 0 3 0
rr rr r r
1 cos R N sin cos cos cos
cos sin sin sin
     
    
               

           

 
   
 
NP 2 mol 0 0 0 2 0 3 0
zxx S rrr r r r r
0 0 0 2 0 3 0
rr r r rr
1 cos R N sin cos cos cos
cos sin sin sin
    
    
               

           

 
   
 
NP 2 mol 0 0 0 2 0 3
zzz S r r r rrr
0 0 0 2 0 3
rr r r rr
2 1 cos R N sin cos cos
cos sin sin
   
   
            

        

 (17) 
It is conceivable to introduce higher order multipolar effects in this approach 43. We note that all 
components still vanish when the cone half-aperture α does. 
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III. Extension to molecules in a monolayer below the sphere 
We have calculated so far the SFG response of the molecules adsorbed at the surfaces of the 
spheres. However, the general theoretical frame exposed above is flexible enough to integrate other 
applications. We develop the example of an extension to the total internal reflection geometry in 
Appendix II. Here we focus on another important application to the amplification of the SFG 
response of an adsorbed molecular monolayer (surface density of molecules in the monolayer layer
SN
) sandwiched between the substrate and a layer of nanoparticles deposited on top of it. We compare 
the SFG signals recorded for such a molecular layer (represented in blue on Figure 1) before and 
after deposition of nanospheres with surface density NP
SN . This scheme has been applied for 
example in SERS and more recently SHINERS and SFG spectroscopies, although the 
nanostructures usually have a bigger size and/or a more complex structure in such applications 
17,49–51. Scheme 2 describes the new situation, for which the coupling of the sphere polarizability 
to the substrate is important. The dipole approximation applies here for small particles when the 
substrate is a dielectric. For metallic substrates, higher orders must be considered as the surface 
plasmons of the particles may couple to the delocalized plasmons of the substrate (44,45,52). 
ijkmol
ijkmol mol
Flocal,(a ,b,c) local,(x,y,z) 0,(x,y,z) far,( x,y,z)
F(2) 0 (2)
ijk ijk ijk eff,


  
      
D Λ
D Λ
E E E E
 
Scheme 2: Definitions and relationships between electric fields, first hyperpolarizabilities and second-order nonlinear 
susceptibilities involved in the calculation of the SFG response of a molecular layer below a sphere. 
The monolayer is supposed known by the molecular βαβγ components and the distribution of 
molecular Euler angles, giving rise to βijk. Without the enhancement by the spheres, it follows that 
the average molecular hyperpolarizabilities 
0
ijk  and ijk  coincide, leading to the nonlinear 
susceptibility expressed as 
(2) layer 0
ijk S ijkN   , and further to the effective nonlinear susceptibility. 
After deposition of the spheres, the local field is modified by matrix iΛ . Using directly 
(x,y,z) t
i i r r i3  Λ 1 Λ u u Λ  
we find  
2 2 2
i i i i
(x,y,z) 2 2 2
i i i i i
2
i i i i
1 3 sin cos 3 sin sin cos 3 sin cos cos
3 sin sin cos 1 3 sin sin 3 sin cos sin
3 sin cos cos 3 sin cos sin 1 3 cos


 
             
 
              
             
Λ  
Every value of (θ,φ) describing the lower half of the sphere points to a molecule in the monolayer 
which hyperpolarizability components are multiplied by the appropriate matrix coefficients (Figure 
1). The surface coverage of the sphere is not as an important parameter as in Part II: we consider 
here the spheres fully covered with molecules (α=0) because they don’t need be functionalized by 
thiols and are rather deposited with a full coverage of stabilizing agent. The new value for 
0
ijk , 
under the influence of one sphere, becomes 
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     0 t t tijk 3 1 2 i ' j'k '
ii ' jj' kk '
i ' j'k '
   Λ Λ Λ  (18) 
Due to the form of the iΛ  matrix, all nonvanishing i ' j'k '  may contribute to a given 
0
ijk , as long as 
they survive the averaging step described below. In order to define an amplification factor, we 
explicitly separate the natural ( ijk ) and amplified (
0,NP
ijk ) contributions to 
0
ijk : 
0 0,NP
ijk ijk ijk     or      0,NP t t tijk 3 1 2 i ' j'k ' ijk
ii ' jj' kk '
i ' j'k '
    Λ Λ Λ  (19) 
The amplified contribution depends on the position of each molecule with respect to the spheres 
randomly distributed on the surface, we therefore calculate an average value 
0
ijk  of the amplified 
hyperpolarizability over all molecules in the plane and summed up over all the NPn  spheres. 
0 0,NP
ijk ijk ijk      (20) 
We show in the Appendix III that 
2
2 / 2
0,NP NP 0,NP
ijk S ijk 30
R sin
N d d
cos
 


    
 
 (21) 
As for the nonlinear susceptibility, we have 
(2) layer 0 layer layer 0,NP
ijk S ijk S ijk S ijkN N N        (22) 
We may then calculate the amplification factor component by component as 
layer layer 0,NP 0,NP
S ijk S ijk ijk
ijk layer
S ijk ijk
N N
A 1
N
   
  
 
 (23) 
or for the overall effective nonlinear susceptibility 
 layer layer 0,NP 0,NPijk S ijk S ijk ijk ijk
ijk ijkeff
total layer
ijk S ijk ijk ijk
ijk ijk
F N N F
A 1
F N F
   
  
 
 
 
 (24) 
We may illustrate with the example of a monolayer deposited on silicon and used for grafting gold 
nanoparticles (e.g. APHS or APTES 11). As we will see in more details below, the zzz contribution 
to the effective nonlinear susceptibility on silicon overcomes all others in the ppp case. We have 
0,NP
zzzeff
total zzz
zzz
A A 1

  

 (25a) 
with 
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 
 
 
0,NP 2 NP
zzz S 1 2 2 3 3 1 1 2 3 zzz
3 1 1 2 3 xxz yyz
2 3 1 2 3 xzx yzy
1 2 1 2 3 zxx zy
3 6.8.10
2 R N G G G G G G G G G
8 7.11.13
3 14
G G G G G
16 11.13
3 14
G G G G G
16 11.13
3 14
G G G G G
16 11.13
        
    
    
    
 
       
 
 
    
 
 
    
 
 
    
 
 y



 (25b) 
where Gi factors are defined in Appendix III, and other combinations may be found in the 
Supporting Information. 
IV. Results and discussion: application to real systems 
We consider in the following nanospheres (diameter 2R=13.5nm) deposited on silicon (refractive 
index from Ref 53), as we have studied in the past 9–12, either stabilized by citrate or functionalized 
by dodecanethiol (DDT) molecules. For dry samples in air, surface charges are balanced and we 
may neglect third order contributions driven by a local static electric field 54–56. The differences 
between gold, silver and silica spheres are investigated for a visible wavelength tunable over a 400-
700nm range (Au and SiO2) or 300-600nm (Ag). Dielectric functions have been tabulated from the 
literature for gold and silver 57,58 and, considering the low dispersion for silica in the visible and 
near-infrared ranges, a single value of 1.5 have been used for its refractive index. For such spheres, 
the effects of their finite diameters on the dielectric functions may be neglected 59. As the dielectric 
function of the DDT monolayer is not precisely known, we have chosen to consider three values 
for εm, analogous to the usual choices for flat surfaces: εm = nm = 1 represents negligible 
polarizability of adsorbed molecules, an analog of the two layer model for flat surfaces; εm = 1.44; 
nm = 1.2 stands for the usual average value of the refractive index of a monolayer in SFG studies 
26; εm = 2.1; nm = 1.45 is a standard bulk value for organic alkane molecules 60. DDT molecules 
have a length of 1.77nm, and the actual distance r
CH3
 of the terminal CH3 moieties to the center of 
the sphere depends on the molecular tilt angle. The spherical shape is only an approximation for 
the nanoparticles, and, within this size range, the actual structure is closer to a cuboctahedron 61. 
The particles are therefore facetted and it has been shown that thiol molecules adsorb on the facets 
with a structure similar to self-assembled monolayers on planar gold 62,63. Even for planar surfaces, 
there is no agreement in the literature neither on the tilt angle, nor on the relative values of βccc, βaac 
and βaca. We have chosen to rely on our previous study of DDT on gold 30, for which the ratio of 
xxz to zzz hyperpolarizability components is consistent with the ratio ra/c = 2.5 
26,28 and θCH3 = 33° 
64. This fixes the distance r
CH3
 = 8.28nm, and the scale for all λi to (R/rCH3)
3 = 0.54. This also gives 
an estimation of the angle α
L
, under the hypothesis that the DDT molecules cover the sphere up to 
the angle for which the CH3 moieties touch the surface of the substrate. In this situation, 
L CH3cos R r   and αL ≈ 35°. Of course the adsorption geometry of DDT is unknown in practice 
and the sphere does not exactly touch the substrate, but rather the grafting layer, whose molecular 
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structure may be complex 65. As a consequence, and in order to present a large range of possibilities, 
we explore several values for α: 5°, 10°, 15°, 25°, 35° and 45°. 
A. Amplified molecular response around the nanoparticles 
We first illustrate the SFG response of DDT molecules surrounding the spheres as calculated in 
Part II. In the case of the polarizable sphere, three parameters are therefore considered: the nature 
of the material (gold, silver and silica), the half-aperture of the cone (α) and the dielectric function 
of the medium surrounding the sphere (εm). The reference point is εm=1.44 and α= αL. A comparison 
between the dispersions of the amplification parameters λi in the visible range may be found in the 
Supporting Information (Figure S1). For gold and silver, they show a maximum corresponding to 
the excitation of the surface plasmon resonances at the visible and SFG frequencies for i=1 and 3, 
respectively, whereas they remain essentially dispersionless for silica.  
Examples of the dispersion of the amplitudes of the local and effective nonlinear susceptibility 
components for the CH3 symmetric stretch (βccc = 1) appear in Figure 2 for gold and silver (same 
curves for silica in the Supporting Information, Figure S2). The presence of both maxima shows 
that the surface plasmon resonance may couple to the visible and SFG beams. The resonances are 
narrow and strong for silver, rather broad and less intense for gold as a consequence of interband 
transition damping. Amplification becomes low for visible wavelengths shorter than the plasmon 
wavelength, typically below 500nm for gold and 340nm for silver. The maxima redshift and 
increase with εm as expected. In the case of gold, the redshift couples to a decrease in the excitation 
of interband transitions, leading to better resolved and higher maxima. As radial components of the 
electric fields are enhanced by the (1+2λi) factors (as compared to (1- λi) for the others), the main 
contributions stem from β0rrr terms, and the strongest susceptibility components are therefore zzz. 
The xxz component may sometimes compete with zzz because of the high value of βθθr and of 
interference effects between the two peaks. For silver, on the blue side of the spectrum (Figure 2d), 
the radial amplified and natural contributions to SFG emission essentially cancel each other (i.e. 
|1+2λ3|~0), leading to a very small zzz contribution below 370nm and to a damping of the 
plasmonic resonance with the visible wavelength. For silica (Figure S2 a), the four components 
compete and their relative weights essentially depend on the molecular hyperpolarizability 
component ratios.  
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Figure 2: Amplitude variation of nonlinear susceptibilities as a function of incoming visible wavelength for the 
symmetric stretch of CH3 endgroups of DDT adsorbed on gold (a,b,c) and silver (d,e,f) nanoparticles deposited on 
silicon, without substrate effects. (a,d) Local χ(2) components (εm=1.44; α=35°); (b,e) zzz effective χ(2) component (εm 
= 1.44) for six values of angle α; (c,f) total ppp effective χ(2) (α=35°) for three values of εm and for a void sphere (all 
λi=0). 
As for the effective nonlinear susceptibility components, the Fresnel factors account for the low 
values of the components of the electric fields parallel to the surface as a result of the high 
reflectivity of silicon. Consequently, at their maxima, the zzz effective components overcome the 
others by around two orders of magnitude (the situation would substantially differ on a low 
reflectivity substrate like glass). Considering in equation 8 that, in βzzz, β0rrr is weighted by <cos3θ> 
and the other components by <cos3θ> - <cosθ>, for small values of α the total ppp nonlinear 
susceptibility is fully dominated by the β0rrr term in βzzz (equation A30). As a consequence, the 
experimental dispersions in the visible range for the symmetric and antisymmetric CH3 stretches, 
and in general for any vibration mode with a non-vanishing β0rrr, shall match and do not depend on 
the nature of the mode. Only the absolute values will of course differ from mode to mode. Finally, 
all components increase in amplitude with angle α, without any evolution of the lineshapes, because 
the decrease in the number of molecule at the surface of the spheres does not compensate for the 
increase in symmetry breaking. A maximum is reached for α=90°, followed by a symmetric 
decrease 14. 
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Figure 3: comparison of the variations as a function of incoming visible wavelength of the effective nonlinear 
susceptibilities for the symmetric stretch of CH3 endgroups of DDT adsorbed on gold nanoparticles deposited on 
silicon, with and without influence of the substrate for three values of εm (α=35°). 
When the influence of the substrate is included, the effect on the effective susceptibilities is 
twofold: a redshift of both maxima and an increase in the amplitude of the response (Figure 3). The 
redshift may be understood as a consequence of the dipolar interaction between the sphere and its 
image, as the electric field created by the image always decreases the force acting of the electrons 
inside the sphere, and consequently their oscillation frequency 46. The electric field enhancement 
around the sphere is directly responsible for the increase in amplitude. 
B. Amplified molecular response between the particles and the substrate 
We now turn to the case of the grafting monolayer sandwiched between the substrate and the 
spheres, as calculated in Part III. Contrary to the thiols, we may this time directly compare the SFG 
intensities produced by the monolayer alone, and by the same monolayer with nanoparticles 
deposited on top. The particles do not need be functionalized and are usually only covered with 
their stabilizing agent. On silicon, the zzz effective contribution to SFG will again overwhelm the 
others as above, either before or after deposition of the particles. The amplitude enhancement 
attributed to the presence of the nanoparticles therefore directly follows from equations 25, and 
more precisely 
 eff 2 NPtotal S 1 2 2 3 3 1 1 2 3
3 6.8.10
A 1 2 R N G G G G G G G G G
8 7.11.13
               
 
 (26) 
For a given choice of metal and substrate, we note that amplification only depends on two 
parameters, and remains constant whatever the sizes of the spheres, provided that the total surface 
density covered by the particles remains constant. Such a size-independence is characteristic of the 
dipolar approximation. The various amplification factors are displayed in the Supporting 
Information (Figure S3), validating the domination of the 
zzz  contribution to 
0
zzz  over all other 
terms, even without Fresnel effects. Figure 4 shows the intensity amplification factor calculated for 
the three values of εm, and with 
NP
SN  = 11.6 10
10 particles per cm2. Depending on the visible 
wavelength, the SFG signals of the monolayer may be enhanced or decreased upon adsorption of 
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the nanoparticles as a consequence of interference between gold and silicon 66. As for εm, we may 
consider the stabilizing agent as negligible (εm=1) all the more since it will probably be removed 
below the spheres upon adsorption, or rely on previous SFG studies on monolayers, which have 
shown that the actual local refractive index of an organic monolayer is around nm=1.2 
26,30. The 
amplification values at a visible wavelength of 532nm are then 6.3 (εm=1) and 6.0 (εm=1.44). 
 
 
 
Figure 4: (a) Intensity amplification factors for the vibrational modes in the underlying monolayer for various values 
of εm. (b) SFG spectra (visible wavelength: 532nm) in the CH stretch range of an APTES monolayer on silicon, before 
(blue, left) and after (red, right) grafting of gold nanoparticles. Circles are the experimental points, continuous line a 
fit to a Lorentzian model. Adapted from Ref. 12. Copyright 2015 American Chemical Society. 
These values may be directly compared to experimental measurements. We have deposited a layer 
of APTES (aminopropyl triethoxysilane) on a silicon wafer after proper cleaning, in the same 
conditions as in our previous publication 12. As is now established, APTES condensation on silicon 
is far from perfect and results in a rather disorganized layer, in which part of the ethoxy methyls 
are still present 65. The characteristic methyl vibration modes may be evidenced by SFG before and 
after nanoparticle deposition of citrate-covered particles (diameter 13.5nm), prepared as explained 
before 12. In Figure 4, we show a superimposition of the SFG spectra in the methyl stretch frequency 
range before and after particle grafting. The surface density of particles was measured as NP
SN  = 
11.6 1010 particles per cm2 on several electron microscopy images, which also showed a low level 
of aggregation. This was confirmed by visible reflectance spectroscopy, showing negligible 
contribution from interparticle coupling. The experimental spectra show that both the resonant 
(CH3 vibrations) and the nonresonant SFG intensities are enhanced together by a comparable 
amount as a consequence of nanoparticle deposition. This is not surprising as the grafting layer and 
the silicon surface, which act as the sources of both signals, are located in the gap between the 
particles and their images, thus experimenting analogous enhancement factors. From the Figure, 
the experimental amplification is estimated to 7.1, although it may slightly vary depending on the 
vibrational features considered. In more details, a fit according to a classical Lorentzian model 20,26 
with four resonances interfering with a nonresonant background gives amplification factors of 7.3, 
5.8, 3.1, 6.2 and 5.3 for the NR and the four vibration modes, respectively (see SI for details). 
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Amplifications all lie in the same range, which is not surprising considering the selection rules 
discussed above (Equation 26). We may expect discrepancies between calculated and measured 
experimental amplification factors on account of the various hypotheses of our model: dipolar and 
spherical approximations, low interparticle coupling, vanishing distance between the spheres and 
the underlayer. Comparison between theoretical predictions and experiment shows that the present 
modelling allows to recover the order of magnitude of the experimental amplification, and validates 
in particular the use of the dipolar approximation for such systems. Effectiveness of amplification 
also depends on the disturbance of the monolayer by the grafting of the particles, which may act as 
an enhancer or reducer of local order. The reproducibility of both the nonresonant and resonant 
features before and after grafting is a proof that this effect was limited here. 
 
V. Conclusion 
The dipolar approximation has been used as the first step of a comprehensive modelling of the SFG 
response of molecules in the surroundings of supported metal nanoparticles, aiming at 
understanding the experimental amplifications of SFG by plasmonics. Although it does not always 
provide quantitatively accurate predictions, this approximation allows easy implementation and 
flexibility, and leads to semi-quantitative results. In the specific case described here, namely 
particles in the 10-20nm diameter range, the dipolar approach gets close to more sophisticated 
theories and is sufficient to understand and quantify the observed phenomena and amplification 
processes. 
In this approximation, the useful formulas for the calculation of hyperpolarizability and nonlinear 
SFG susceptibility components are provided for both functionalization molecules adsorbed at the 
surface of the particles and a grafting monolayer below the particles. The local amplifications of 
the electric fields due to the presence of nanospheres are taken into account, as well as the image 
dipoles created into the substrate. Enhancements by spheres made of silver, gold and silica are 
compared as a function of the visible wavelength involved in the SFG process, showing as expected 
that, at resonance with the surface plasmons, silver leads to much higher plasmonic enhancements 
than gold, whereas no resonant effect is seen with silica. The enhancements depend on the chemical 
group under scrutiny through their distances to the surface of the sphere, their local order and their 
balance between molecular susceptibility components. They also vary with the specific properties 
of the studied interfaces, namely the nature of the substrate, refractive index of the surrounding 
molecules, surface density of spheres and molecular surface coverage of the nanoparticles. 
A direct application is provided by calculating the amplification factor of the SFG spectrum of the 
APTES grafting layer of gold nanoparticles on silicon and comparing it to the experimental data. 
We plan to study the response of the thiol layer in a forthcoming dedicated paper. The excellent 
agreement shows that the methodology provided here is applicable indeed to real systems. More 
sophisticated descriptions (e.g. mapping the electric field amplitudes calculated by numerical 
methods in the particle-substrate system) may provide more accurate results and hopefully will 
complement the present description but they imply more complex theoretical developments and 
calculations. We believe that, considering the imperfect knowledge on the experimental interfaces 
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and their degree of heterogeneity, the models presented here shall remain sufficient for most of the 
cases. 
 
Supporting information 
Amplification parameters calculated for molecules around gold, silver and silica spheres; 
hyperpolarizability components for DDT molecules around silica spheres; amplification factors for 
the molecular monolayer between gold nanoparticles and the silicon substrate; fit parameters for 
the amplified underlayer system. 
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Appendix I: molecular hyperpolarizabilities around the nanospheres 
We recall the value of the D matrix defined from the Euler angles 
cos cos cos sin sin cos cos sin sin cos cos sin
sin cos cos cos sin sin cos sin cos cos sin sin
sin cos sin sin cos
               
 
                
       
D  (A27) 
Averaging follows from the integrals 
2 2
2, , 0 0 0
1
f f ( , , )sin d d d
8
  
  
       
   
 (A28) 
and leads to Eq. 7, 8 and 17. For example, 
 
  pp p p 1
0
1 1
cos cos sin d 1 1 cos
2 2 p 1

        

 (A29) 
It follows 
3 2
23
cos 1 cos
sincos cos
  

  
 (A30) 
For α=0, integrals of the form  
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q p q p
0
1
sin cos sin cos sin d
2

        (A31) 
vanish, whatever the value of q, if, and only if, p is odd. 
 
Appendix II: Extension to total internal reflection 
As a second example, we investigate the influence of the total internal reflection geometry (TIR) 
on the SFG response of nanoparticles deposited on a substrate (e.g. a prism with refractive index 
ni, considered as the incoming medium). It is well-known that TIR favors amplification of the SFG 
molecular signals 6,7, mainly as a consequence of Fresnel reflectivity enhancements close to the 
critical angles. When the sample involves molecules decorating nanoparticles, another effect 
appears which may lead to an amplification of the signal as a consequence of a new symmetry 
breaking 16. For a nanosphere fully covered with molecules, for which we have seen that the SFG 
signal vanishes in conventional reflection geometry, we now have to take into account the fact that 
the z component of electric field is evanescent, i.e. it does not propagate in the second medium but 
rather decreases exponentially as a function of the depth. This creates an up-down asymmetry in 
the z direction, giving rise to new contributions to second-order nonlinear processes. It is possible 
to include this effect in the dipolar regime (which does not take into account other higher order 
contributions related to the electric field gradients 67). Considering the propagation of a light wave 
in the second medium where the nanoparticles stand, taken here as air with nair=1, its amplitude 
decreases as i
z
e

 where 
2 2
i i i
2
n sin 1

   

 and z = R + r cosθ for a sphere touching the surface, 
or z =r (1 + cosθ) when the sphere is fully decorated with molecules. We therefore modify the iΛ  
matrix as 
 i R rcos( , ,r),TIR ( , ,r)
i ie
     Λ Λ  (A32) 
In the dipolar frame, z remains small as compared to the wavelength, hence zδi << 1. By 
linearization, we get 
 
 
 
2 2
i i i i
( , ,r ),TIR ( , ,r )
i i i i i
2 2
i i i i
1 cos sin 0 sin cos
1 R r cos 0 (1 ) 0
2 sin cos 0 1 2 sin 2 cos
 
   
 
       
 
     
 
         
 
Λ Λ
 (A33) 
The consequences are twofold: firstly, when the sphere is not fully covered with molecules (i.e. 
angle α differs from zero), the first term dominates and the molecular response is calculated by 
plugging equation (10) into equations (7) and (6). The asymmetry induced by the TIR geometry 
only marginally influences the overall response and the TIR amplification therefore mainly relies 
on Fresnel effects. However, when the sphere is fully covered with molecules, the first term 
vanishes after averaging over the sphere, and asymmetry related to the exponential decrease 
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becomes the only source for SFG at this level of approximation. The odd powers of cosine terms 
ensure that they don’t vanish after averaging, however their amplitudes remain low, as the 
symmetry breaking, quantified by δir, is limited. For bigger particles 32, the effect increases, but the 
present theory becomes less valid. 
 
Appendix III: amplified hyperpolarizabilities below the nanospheres 
We start by considering how the presence of one sphere modifies the average hyperpolarizability 
for a molecule in the underlayer and define the average molecular polarizability of the molecules 
in the monolayer influenced by the presence of one sphere 0,NP
ijk 1NP
 . As all molecules in the plane 
are influenced by the sphere, 0,NP
ijk 1NP
 is obtained by an average over the whole plane of the 
nonlinear response amplified by the local field factors. Seen from the sphere, each molecule 
experiences an amplified local field which amplitude depends on the variable distance r to the 
center of the sphere (through the ,
i
 factors) and on the angles φ and θ (through the iΛ  
components). 
The dependencies in r and θ being related, we define 
   
3
, 3 , 3m m
i i, ,
m i m m i m
1 R 1
cos G cos
3 f r 3 f
 
 
    
        
       
 (A34) 
Averaging over φ and θ covers the whole plane and extents between 0 and 2π, and π/2 and π, 
respectively. Finally, we may sum up over all spheres ( NPn ) to calculate the average molecular 
hyperpolarizability modified by the presence of all the spheres.  
0 0,NP
ijk ijk ijk      with 
0,NP 0,NP
ijk NP ijk 1NP
n    (A35) 
layer
2
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ijk ijk layer ijk S ijk
0 0
layer layer, ,
n n N
dn dS N d d
n n
 
   
              (A36) 
Using R tan( )    , we have 
2
2 / 2
0,NP NP 0,NP
ijk S ijk 30
R sin
N d d
cos
 


    
 
 (A37) 
For the calculation of (A37) using Eq. (18), we take advantage of the following integrals 
 
p
/ 2
p
3
1sin
cos d
cos p 2



  
 
 (A38) 
and 
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